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ABSTRACT
We construct the N = 1 three-dimensional supergravity theory with cosmological,
Einstein-Hilbert, Lorentz Chern-Simons, and general curvature squared terms. We de-
termine the general supersymmetric configuration, and find a family of supersymmetric
adS vacua with the supersymmetric Minkowski vacuum as a limiting case. Linearizing
about the Minkowski vacuum, we find three classes of unitary theories; one is the super-
symmetric extension of the recently discovered ‘massive 3D gravity’. Another is a ‘new
topologically massive supergravity’ (with no Einstein-Hilbert term) that propagates a
single (2, 3
2
) helicity supermultiplet.
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1 Introduction
Gravitational theories in which the Einstein-Hilbert (EH) term is supplemented with
curvature squared terms generically propagate negative energy (ghost) modes in addition
to the desired spin 2 graviton modes. An exception is the ‘(R + R2)’ theory, where R
is the curvature scalar, because this can be shown to be equivalent to a scalar field
coupled to gravity, with a potential that provides a mass for the associated spin zero
particle in the Minkowski vacuum [1]; we shall refer to this as “scalar massive gravity”
(SMG). Recently, three of us showed that there is another exception in three spacetime
dimensions [2]: ghosts are avoided if (i) the EH term appears with the ‘wrong-sign’ and
(ii) the curvature-squared scalar is
K = RµνR
µν − 3
8
R2 , (1.1)
where Rµν is the Ricci tensor. In its Minkowski vacuum, this “new massive gravity”
(NMG) model propagates, unitarily, two massive modes of helicities ±2. Unitarity has
since been confirmed in [3,4]. A more general model obtained by adding a Lorentz Chern-
Simons (LCS) term was also considered in [2], and this model propagates the two spin
2 modes with different masses; by taking one of the two masses to infinity one gets the
“topologically-massive gravity” (TMG) of [5].
This “general massive gravity” (GMG) model has an obvious extension to include
a cosmological constant, and this ‘cosmological’ GMG was investigated briefly in [2],
allowing for either sign of the EH term as in studies of cosmological TMG [6–9]. In a
subsequent work [10] the issue of unitarity and stability in de Sitter (dS) and anti de
Sitter (adS) vacua was considered in detail for the ‘cosmological’ NMG model. Other
investigations of this model include [11]. Of particular interest are adS vacua since these
could be associated with potentially novel 2D conformal field theories (CFTs) on the adS
boundary. A major result of [10] was the finding that the central charge of this boundary
CFT field theory is negative whenever the bulk theory is unitary, and vice-versa, with
the exception of one case in which the bulk gravitons are absent and the central charge
vanishes. Essentially the same difficulty arises in cosmological TMG; in this context, the
‘chiral gravity’ program initiated in [6] may yield a resolution but this remains unclear.
One motivation for the study of 3D supergravity models with curvature-squared terms
is that supersymmetric adS vacua may be ‘better behaved’ than generic adS vacua.
The N = 1 supergravity extension of the NMG model was already considered briefly
in [2], as was the more general model with generic curvature-squared term of the form
(aK + bR2). The off shell supermultiplet containing the metric (actually dreibein) and
gravitino field also contains an ‘auxiliary’ field S [12] which really is auxiliary when
b = 0, in the sense that its equation of motion is algebraic. As noted in [2], the fully
non-linear supergravity theory must contain either an S4 or an S2R term, or both, and
the (non-zero) constant value of S in any adS vacuum depends on the coefficients of these
terms. Thus, we expect a cubic equation for S with R-dependent coefficients. It is not
difficult to see that S = 0 is necessarily a solution in the absence of a cosmological term
in the action, and this is sufficient to deduce that the Minkowski vacuum of the GMG
model is supersymmetric. In fact, the Minkowski vacuum with S = 0 is supersymmetric
quite generally, so linearization about this vacuum of any of the ‘(aK+bR2)’ models must
yield a theory in which all modes (particles in the quantum theory) form supermultiplets.
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Any massive particles must have a definite helicity, and it was shown in [2] (by adapting
earlier results of [13]) that super-GMG propagates one supermultiplet of helicities (2, 3
2
)
and another of helicities (−2,−3
2
), generically with different masses.
In this paper we construct, in detail, the off-shell supersymmetric N = 1 3D super-
gravity model with both generic curvature-squared terms and cosmological constant. To
be specific, we construct the 3D supergravity theory with action of the form
I =
1
κ2
∫
d3x
{
e
[
MLC + σLEH +
1
m2
LK +
1
8m˜2
LR2
]
+
1
µ
Ltop
}
, (1.2)
where e is the volume scalar density, (M,m, m˜, µ) are mass parameters, σ is a dimen-
sionless parameter, and κ is the 3D gravitational coupling required to ensure that I
has dimensions of an action. The individual Lagrangians in this action are separately
supersymmetric and they take the form
LC = S + fermions ,
LEH = R− 2S2 + fermions ,
LK = K − 1
2
S2R− 3
2
S4 + fermions , (1.3)
LR2 = −16
[
(∂S)2 − 9
4
(
S2 +
1
6
R
)2]
+ fermions ,
Ltop = −1
4
εµνρ
(
Rµν
ab(ω)ωρab +
2
3
ωµ
a
bων
b
cωρ
c
a
)
+ fermions ,
where the ‘fermions’ provide the N = 1 supersymmetric completion, and ω is the usual
spin connection.
Note that S does not appear in Ltop, which is the supersymmetric extension of the
Lorentz Chern-Simons (LCS) term [14–16]; this is because of the superconformal in-
variance of this term. Note also that S is indeed auxiliary as long as the LR2 term is
absent, which is achieved by taking the limit m˜2 → ∞. As summarized above, this
limit yields a unitary theory of massive gravitons in the Minkowski vacuum with S = 0
(which is a solution when M = 0) but the presence of an S2R term suggests that the
“effective” balance of the two possible curvature-squared terms in a given (a)dS vacuum
could depend on the (constant) value of S in this vacuum, and this possibility motivates
consideration of the generic theory. We do not know, a priori, which (if any) combination
of curvature-squared terms will allow a unitary theory in a non-Minkowski vacuum.
An important aspect of our construction is the full dependence of the bosonic action
on the ‘auxiliary’ field S, as given above. This is crucial both for a classification of the
possible maximally symmetric vacua, and for a determination of whether a given adS
vacuum is supersymmetric (since one needs to know the value of S in it). In the absence
of the curvature squared terms, i.e, in the limit that m2 →∞ and m˜2 →∞, the S field
may be trivially eliminated and the resulting action then has a cosmological constant Λ
proportional to M2. Otherwise, the relation between Λ and M2 is more complicated. In
fact, the possible maximally-symmetric vacua correspond to points on two curves in the
(Λ,M2) plane. All supersymmetric vacua lie on one of these two curves (actually a half-
line) which (remarkably) is the same for all m˜; in other words, the presence or absence of
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the LR2 term in the action has no effect on supersymmetric vacua, although we expect
that it will affect the fluctuations and hence the analysis of unitarity/stability. The
endpoint of the ‘supersymmetric curve’ in the (Λ,M2) plane is the origin, corresponding
to the supersymmetric Minkowski vacuum with S = 0. Apart from this one special
vacuum, there is no obvious way to compare results with those found in [10] for the
purely bosonic theory (without the S field). This unusual feature is due to the non-
linearity of the S equation of motion. It means that the unitarity/stability analysis
of [10] must be undertaken anew, but this is encouraging because there is therefore the
possibility of an improved outcome in regard to boundary CFT central charges.
The supersymmetric Minkowski and adS vacua are special cases of supersymmetric
solutions of the field equations. Because we have an off-shell supersymmetry (in the sense
that the supersymmetry transformations close without the need to invoke field equations)
one can separate the question of whether a given field configuration is supersymmetric
from the question of whether it solves any particular set of field equations. Here we
present a complete analysis of the possible supersymmetric configurations, generalizing
an analysis presented in [17] for what amounts to the special case in which the scalar field
S is constant and non-zero. In this special case, we recover the generic supersymmetric
pp-wave configurations that generalize the adS vacua. Particular subcases are known
to solve the field equations of conformal 3D gravity [18], TMG [17, 19], and NMG [20];
here we find the supersymmetric pp-wave solutions of the generic 3D supergravity theory
of the type under consideration. We will comment on some features that can be read
off from these solutions as, for instance, critical values of the adS length ℓ at which the
pp-wave solution becomes locally diffeomorphic to adS, indicating a generalized notion
of ‘chiral gravity’.
In the last part of this paper we present a classification of all supergravity theories
of (aK + bR2) type that are unitary in a Minkowski vacuum, together with a detailed
analysis of their fermionic sectors. We begin with a ‘canonical’ analysis along the lines
of [4]; this throws up three classes of unitary theories, which are the supersymmetrizations
of the following three classes of bosonic models:
• General massive gravity (GMG). As summarized above, this propagates two mas-
sive gravitons of helicities ±2, generically with different masses. This includes TMG
and NMG as special cases.
• Scalar massive gravity (SMG). This is the parity-preserving theory with a = 0 and
‘right-sign’ EH term, equivalent to a scalar field coupled to gravity. To the best of
our knowledge, its supersymmetrization has not been considered previously.
• ‘New Topologically Massive Gravity’ or NTMG. This is a model in which the EH
term is omitted. It involves the ‘new’ scalar K but otherwise turns out to propagate
a single helicity 2 mode, like TMG, hence the name. The massless limit yields the
‘pure-K’ theory considered in [4].
This analysis does not yield the helicity content of the massive modes, so we then recon-
sider each of these three classes of unitary theories using covariant methods. In particular,
we present a new proof that the GMG model propagates, unitarily, two spin 2 modes, and
we verify the supermultiplet content of its supersymmetric extension. The novel feature
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of super-SMG is a third-order equation for a vector spinor field that propagates, unitarily,
two spin 1/2 modes. The NTMG theory is new, even as a purely bosonic theory, so we
consider this in more detail; in particular, we show that the linearized theory propagates
a single massive mode of helicity 2, just like TMG, and this becomes a supermultiplet of
helicities (2, 3
2
), or (−2,−3
2
), in the supersymmetric case.
Finally, we consider the linearized N = 2 super-GMG model. This is an obvious first
step in an investigation of N > 1 3D massive supergravities. It is also of interest in that
it unifies the new spin 2 models with well-known spin 1 models.
2 N = 1 massive supergravity
In this section we are going to determine the full non-linear N = 1 supersymmetric
off-shell invariants corresponding to the action (1.2). First, we give the off-shell N = 1
supergravity multiplet together with the known invariants corresponding to the Einstein-
Hilbert action with cosmological constant and the LCS term. Next, we determine the
curvature-square invariants.
Our conventions are as follows. The metric signature is ‘mostly plus’. All fermions
are two-component Majorana spinors. We may choose the Dirac matrices γa (a = 0, 1, 2),
which satisfy the anticommutation relation {γa, γb} = 2ηab, to be real 2 × 2 matrices,
in which case the Majorana spinors are also real. The Ricci tensor is Rµν ≡ Rρµρν =
∂ρΓ
ρ
µν + · · · .
2.1 Off-shell N = 1 supergravity multiplet
The N = 1 supergravity multiplet in 3D consists of the dreibein eµ
a and the gravitino
ψµ, neither of which propagates any modes in ‘pure’ supergravity but both will start
propagating once higher-derivative terms are added. Off-shell closure requires a real
scalar auxiliary field S. The supersymmetry transformation rules are
δeµ
a =
1
2
ǫ¯γaψµ , (2.1)
δψµ = Dµ(ωˆ)ǫ+
1
2
Sγµǫ , (2.2)
δS =
1
4
ǫ¯γµνψµν(ωˆ)− 1
4
ǫ¯γµψµS , (2.3)
where
Dµ(ω)ǫ = ∂µǫ+
1
4
ωµ
abγabǫ , ψµν(ω) =
1
2
(Dµ(ω)ψν −Dν(ω)ψµ) . (2.4)
The spin connection ωˆ is the spin-connection with torsion determined by the super-torsion
constraint
Dµ(ωˆ)eν
a −Dν(ωˆ)eµa = 1
2
ψ¯µγ
aψν . (2.5)
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Its solution reads
ωˆµab(e, ψ) =
1
2
(Rµab −Rabµ +Rbµa) , (2.6)
Rµν
a = 2∂[µeν]
a − 1
2
ψ¯µγ
aψν . (2.7)
In the following we denote by Dµ the covariant derivative with respect to the standard
spin connection ω = ω(e) with vanishing torsion. Whenever another connection is used,
this will be explicitly indicated.
The Lagrangians corresponding to cosmological constant, Einstein-Hilbert and Lorentz
Chern-Simons term have been constructed long ago, and they are given by [12, 14–16]
LC = S +
1
8
ψ¯µγ
µνψν , (2.8)
LEH = R− ψ¯µγµνρDν(ωˆ)ψρ − 2S2 , (2.9)
e−1Ltop = e
−1εµνρ
(
Rµν
ab(ωˆ)ωˆρab +
2
3
ωˆµ
a
bωˆν
b
cωˆρ
c
a
)
+ 2R¯µγνγµR
ν , (2.10)
where we defined the dual of the gravitino curvature,
R
µ = e−1εµνρDν(ωˆ)ψρ . (2.11)
2.2 Yang-Mills multiplets and the Riemann invariant
Here we are going to determine the N = 1 supersymmetric extension of the square
of the Riemann tensor. This can be done very efficiently by introducing a torsionful
spin connection which allows the problem to be reduced to one of coupling Yang-Mills
multiplets to supergravity.
The off-shell Yang-Mills multiplet consists of a vector field and a Majorana spinor,
both transforming in the adjoint representation of some gauge group. We denote these
fields by Aµ
I and χI , where I is a Lie algebra index. The supersymmetry transformations
are
δAµ
I = −ǫ¯γµχI , δχI = 18γµνFˆµνIǫ , (2.12)
with the super-covariant field strength
Fˆµν
I = ∂µAν
I − ∂νAµI + fJLIAµJAνL + 2ψ¯[µγν]χI . (2.13)
The locally supersymmetric F 2 invariant reads
LSYM = −1
4
eF µνIFµν
I − 2eχ¯Iγµ(Dµχ)I + 1
2
eFµν
Iψ¯ργ
µνγρχI + eSχ¯IχI (2.14)
−1
2
eχ¯IχIψ¯µψ
µ +
1
8
eχ¯IχIψ¯µγ
µνψν .
Let us note that here the covariant derivative acting on χI is the ordinary covariant
derivative with respect to the torsionless spin connection. Introducing the super-covariant
spin connection ωˆ would change the coefficient of the second four-fermi term. However,
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the quartic fermion couplings cannot be fully absorbed into the spin connection and so
we keep the standard covariant derivative.
The next step is to realize that the spin connection can be redefined such that it
transforms under supersymmetry precisely as a Yang-Mills gauge potential. For this we
use the auxilliary field S to define a torsionful connection as follows
Ω±abµ = ωˆµ
ab ± Sεµab . (2.15)
The supersymmetry transformations on ψµ and S can in turn be rewritten as
δψµ = Dµ(Ω
−)ǫ , δS = 1
4
ǫ¯γµνψµν(Ω
−) . (2.16)
Here we have introduced the gravitino curvature with respect to Ω−, i.e., explicitly
ψµν(Ω
−) = 1
2
(
Dµ(Ω
−)ψν −Dµ(Ω−)ψν
)
. (2.17)
While the original spin connection ωˆ(e, ψ) transforms under supersymmetry as
δωˆµab = −12 ǫ¯
(
γµψab(Ω
−)− 2γ[aψb]µ(Ω−)
)
+ 1
2
Sψ¯µγabǫ , (2.18)
the supersymmetry rule for Ω+ simplifies to
δΩ+µab = −ǫ¯γµψab(Ω−) . (2.19)
We observe that there is no mixing left between Lorentz and world indices. Consequently,
the supersymmetry rule coincides with the one for the gauge potential (2.12) if we treat
the Lorentz indices as Yang-Mills indices and if we identify ψab(Ω−) with the fermionic
partner. To prove that
(
Ω+ abµ , ψ
ab(Ω−)
)
transforms as a Yang-Mills vector multiplet it
remains to check the supersymmetry variation of ψab(Ω−). We first observe that
δψab(Ω
−) = 1
8
ea
µeb
νRˆµνcd(Ω
−)γcdǫ . (2.20)
This is almost of the required form, except that the connection is Ω− instead of Ω+ and
that the index pairs are in the ‘wrong’ order. However, due to the torsionful connection
the standard Bianchi identity no longer holds but rather we have
Rˆab cd(Ω
+) = Rˆcd ab(Ω
−) , (2.21)
where we have introduced the super-covariant form of the Riemann tensor,
Rˆµν
ab(Ω+) = Rµν
ab(Ω+) + 2ψ¯[µγν]ψ
ab(Ω−) . (2.22)
The generalized Bianchi identity (2.21) can be easily derived by writing out the explicit
S dependence,
Rµν
ab(Ω±) = Rµν
ab(ωˆ)± 1
2
Sψ¯µγ
abψν ± 2∂[µS εν]ab + 2S2e[µaeν]b . (2.23)
In total this implies that (Ω+ abµ , ψ
ab(Ω−)) transforms precisely as a Yang-Mills vector
multiplet.
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Finally, we can give the supersymmetric extension of the square of the Riemann tensor
simply by specializing (2.14) to the multiplet
(
Ω+ abµ , ψ
ab(Ω−)
)
,
L = −1
4
eRµνab(Ω+)Rµνab(Ω
+)− 2eψ¯ab(Ω−)γµDµψab(Ω−) (2.24)
+
1
2
eRµνab(Ω
+)ψ¯ργ
µνγρψab(Ω−) + eSψ¯ab(Ω
−)ψab(Ω−)
−1
2
eψ¯ab(Ω−)ψab(Ω
−)ψ¯µψ
µ +
1
8
eψ¯ab(Ω−)ψab(Ω
−)ψµγ
µνψν .
Here we stress again, that unless stated differently the covariant derivative is with respect
to ω(e). Since the Riemann tensor is equivalent to the Ricci tensor in 3D this result
amounts to supersymmetrizing RµνRµν . Using
εµνρεabcRνρbc = 4G
µa , Rµνab = εµνρεabcG
ρc , (2.25)
where Gµa is the Einstein tensor, one finds for the bosonic action
e−1L = − (RµνRµν − 14R2)+ 2∂µS∂µS − S2R − 3S4 . (2.26)
2.3 Scalar multiplets and the Ricci scalar invariant
After having determined the supersymmetric extension of the square of the Riemann
tensor, and hence of the Ricci tensor, the only independent invariant left in 3D is the
supersymmetrization of the square of the Ricci scalar R. This can be reduced to the
problem of coupling an off-shell scalar multiplet to supergravity, in a similar way that we
reduced the earlier problem to one of coupling a Yang-Mills multiplet to supergravity.
An off-shell N = 1 scalar multiplet in 3D consists of a real scalar φ, a Majorana
fermion λ and a real auxiliary scalar f . Its Lagrangian, after coupling to supergravity,
reads
L = −egµν∂µφ∂νφ− 1
4
eλ¯γµDµλ +
1
16
ef 2 +
1
8
eSλ¯λ+
1
2
eψ¯µγ
νγµ∂νφλ (2.27)
+
1
32
eλ¯λψ¯µψ
µ − 1
64
eλ¯λψ¯µγ
µνψν .
The supersymmetry rules are
δφ =
1
4
ǫ¯λ , (2.28)
δλ = /ˆDφ ǫ− 1
4
fǫ , (2.29)
δf = −ǫ¯ /ˆDλ+ 1
2
Sǫ¯λ , (2.30)
where the super-covariant derivatives are given by
Dˆµφ = ∂µφ− 1
4
ψ¯µλ , (2.31)
Dˆµλ = Dµ(ωˆ)λ− /ˆDφψµ + 1
4
fψµ . (2.32)
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We will now show that
(φ, λ, f) ≡ (S, γµνψµν(Ω−), Rˆ(Ω±)) , (2.33)
where
Rˆ(Ω±) = R(ωˆ) + 6S2 + 2ψ¯µγνψ
µν(Ω−) +
1
2
Sψ¯µγ
µνψν , (2.34)
transforms under local supersymmetry precisely as required by (2.28), (2.29) and (2.30).
First, we infer from (2.16) that S transforms as the scalar component. Moreover, it is
easily checked that
δ
(
γµνψµν(Ω
−)
)
= /ˆDSǫ− 1
4
Rˆ(Ω±)ǫ , (2.35)
i.e., the gamma trace of ψµν(Ω
−) transforms as the spinor component. It takes a little
bit more work to check the supersymmetry variation of Rˆ(Ω±). Using
γνDµψ
µν(Ω−) =
1
2
/D(γµνψµν(Ω
−))− 1
2
εµνρDµψνρ(Ω
−) , (2.36)
and
εµνρDµψνρ(Ω
−) =
1
2
Gµνγµψν − 1
2
εµνρDµ(Sψν)γρ , (2.37)
one may verify that
δRˆ(Ω±) = −ǫ¯ /ˆD(γµνψµν(Ω−)) + 1
2
Sǫ¯γµνψµν(Ω
−) , (2.38)
as required. Thus, we can use the supersymmetry of (2.27) to construct directly the R2
invariant,
LR2 =
1
16
eRˆ2(Ω+) +
1
4
eψ¯µν(Ω
−)γµν /Dγρσψρσ(Ω
−)− e∂µS∂µS (2.39)
−1
8
eSψ¯µν(Ω
−)γµνγρσψρσ(Ω
−) +
1
2
eψ¯µγ
νγµ∂νSγ
ρσψρσ(Ω
−)
− 1
32
eψ¯µν(Ω
−)γµνγρσψρσ(Ω
−)ψ¯λψ
λ +
1
64
eψ¯µν(Ω
−)γµνγρσψρσ(Ω
−)ψ¯λγ
λτψτ .
The leading terms corresponding to the first line were given in [13]. Its bosonic part
reads explicitly
LR2 =
1
16
eR2 − e ∂µS∂µS + 3
4
eS2R +
9
4
eS4 . (2.40)
In total we have determined the complete supersymmetrisation of the bosonic actions
given by (2.26) and (2.40) from which the form (1.3) given in the introduction readily
follows.
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3 Supersymmetric configurations
Before proceeding to consider solutions of the field equations, we shall first determine
which bosonic field configurations are supersymmetric. By definition, these are configu-
rations that admit a Killing spinor, defined as a non-zero solution for κ to the equation(
Dµ +
1
2
γµS
)
κ = 0 , (3.1)
which is obtained by setting to zero the supersymmetry variation of the gravitino field,
specializing to bosonic field confgurations and replacing the anticommuting spinor ǫ by
the commuting spinor field κ. The S term may be viewed as a torsion part of the spin
connection. The integrablity condition of the Killing spinor equation is(
Gµν − gµνS2 − e−1εµνρ∂ρS
)
γνκ = 0 . (3.2)
It follows from this equation that the only maximally supersymmetric field configurations
are Minkowski space, with S = 0, and anti-de Sitter space, with Gµν = S
2gµν for constant
non-zero S, so the main interest in what follows will be in other configurations that
preserve 1/2 supersymmetry.
To begin with, we may easily deduce some other relations from (3.2). By contracting
with γµ one finds that
γµκ ∂µS =
3
2
(
S2 +
1
6
R
)
κ , (3.3)
which in turn implies that
(∂S)2 =
9
4
(
S2 +
1
6
R
)2
. (3.4)
Remarkably, this is equivalent to the vanishing of the bosonic part of LR2 . This does not
mean that the LR2 term is irrelevant to the field equations because its variation could still
be non-zero. In the case of maximally symmetric supersymmetric vacua, for which S is
constant, even the variation of LR2 is zero, so the possibilities for such vacua are unaffected
by the presence of the LR2 term. Moreover, all contributions of the curvature squared
terms to the field equations, including those of K, vanish when evaluated for maximally
symmetric supersymmetric configurations, as we will show in sec. 4.1. However, these
contributions could affect other non-supersymmetric vacua, and supersymmetric non-
vacuum solutions. Also the second variation, of relevance to perturbative unitarity and
stability, is generically non-vanishing.
3.1 The null Killing vector field
To make further progress, we observe that the existence of a Killing spinor implies the
existence of a null vector field:
V µ = κ¯γµκ , V 2 = 0 . (3.5)
Note that since κ¯κ ≡ 0, a direct consequence of (3.3) is the relation
V µ∂µS = 0 . (3.6)
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In other words, S is constant on orbits of V . Similarly, an immediate consequence of
(3.2) is the relation (
Gµν − gµνS2 − e−1εµνρ∂ρS
)
Vν = 0 , (3.7)
which implies, in particular, that GµνVµVν = 0.
The vector field V is covariantly constant with respect to the connection with torsion
defined by the Killing spinor equation. Explicitly, this condition reads1
eDµV ν = S εµνρVρ . (3.8)
This implies that D(µVν) = 0 and hence that V is a Killing vector field (KVF). It also
implies that
εµνρ∂νVρ = −2eSV µ . (3.9)
3.2 Adapted coordinates
The full implications of (3.7) and (3.9) can be analysed by choosing coordinates that are
adapted to the null KVF. The general 3-metric with null Killing vector V = ∂v takes the
form
g = hijdx
idxj + 2Aidx
idv (i, j = 1, 2) , (3.10)
where the (not necessarily invertible) symmetric 2-tensor field hij and the 1-form Aidx
i
are independent of v. We may choose new coordinates xi = (u, x) such that
dx =
√
h22 dx
2 + Fdx1 , Aidx
i = f(x, u) du , (3.11)
for some positive function f , and function F such that ∂2F = ∂1
√
h22. We may then
shift v by a function of x and u so as to remove the dudx term in the metric. We thus
arrive at a metric of the form
g = dx2 + 2f(x, u)dudv + h(x, u)du2 , (3.12)
where f(x, u) is everywhere positive. For this metric we have√
|g| = f , Vu = f , Vv = Vx = 0 . (3.13)
We are now in a position to analyse the full content of (3.9). The u-component is
an identity. The x-component tells us that ∂vf = 0, which we already know. The v
component involves a choice of sign for εxuv, which amounts to a choice of one of the two
irreducible representations of the Clifford algebra spanned by the 3D Dirac matrices and
their products. For the choice
εxuv = 1 (3.14)
we find that2
S = −∂x log
√
f . (3.15)
1This relation was previously derived in [17] under the assumption of constant S.
2The sign of S differs for the other choice, such that the restrictions on the metric implied by
supersymmetry become independent of the choice of Dirac matrices.
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A computation of the Ricci tensor yields the result
Rµνdx
µdxν = −2 (S2 − ∂xS) dx2 − 2f (2S2 − ∂xS) dudv + 2∂uSdxdu
−
(
S∂xh+ 2hS
2 +
1
2
∂2xh
)
du2 , (3.16)
where we have used (3.15). This gives the Ricci scalar
R = −6S2 + 4∂xS , (3.17)
in agreement with (3.4). We then find that
(
G− S2g)µν ∂µ∂ν = 2∂uS
f
∂x∂v − 2∂xS
f
∂u∂v − 1
f 2
(
S∂xh+
1
2
∂2xh
)
∂v∂v . (3.18)
We can now use this in the integrability condition (3.7). The u and v components are
identities. The x-component implies that ∂vS = 0, in agreement with (3.6).
We have now established that a bosonic configuration of 3D supergravity is super-
symmetric if it takes the form
ds2 = dx2 + 2f(u, x)dudv + h(u, x)du2 , S = −∂x log
√
f , (3.19)
where the functions f and h are arbitrary, except that f is everywhere positive, and the
sign of S depends on the choice of Dirac matrices.
3.3 Constant S
Let us now spell out the condition (3.19) for the case that S is constant. If we set
S = ±1/ℓ, for finite constant ℓ, then f(u, x) = A(u) exp (∓2x/ℓ) for some function A(u),
which we may set to unity without loss of generality; we then have the metric
ds2 = dx2 + e∓2x/ℓdudv + h(u, x)du2 . (3.20)
This has the general form of a pp-wave metric; the special case of h ≡ 0 yields a metric
that is locally isometric to adS, for either choice of sign. Each choice yields a chart that
extends to a horizon (at x → ±∞) that separates the two charts. Taken together, the
two charts cover the whole of adS except for the horizon, although the sign of S changes
across the horizon. Thus, it is really S2 that is constant in the adS vacuum, rather than
S. In the limiting case that ℓ→∞ (i.e. S → 0) we find the metric
ds2 = dx2 + 2dudv + h(u, x)du2 , (3.21)
which is the pp-wave in a Minkowski background.
Here we shall find the Killing spinor admitted by the general (adS) pp-wave configu-
ration. Starting from the metric (3.20) with lower sign in the exponent for concreteness,
setting ℓ = 1 for notational simplicity, and changing coordinates as ex = r, the metric
takes the form
ds2 =
dr2
r2
+ 2r2dudv + h(u, r)du2 , (3.22)
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where h(u, r) is an undetermined function. Next, we choose the basis 1-forms as 3
e+ = rdv +
h
2r
du , e− = rdu , e2 =
1
r
dr . (3.23)
It follows that the only non-vanishing components of the spin connection one-form are
ω+2 = rdv + r∂r
(
1
2r
)
du , ω−2 = rdu . (3.24)
The Killing spinor equation (d+ 1
4
ωabγab − 12eaγa)κ = 0 takes the form
dκ+
1
2
(
ω+2γ+2 + ω
−2γ−2
)
κ− 1
2
(
e+γ+ + e
−γ− + e
2γ2
)
κ = 0 . (3.25)
A convenient choice of γ matrices is
γ0 = iσ2 , γ1 = σ1 , γ2 = σ3 . (3.26)
Writing the spinor parameter as
κ =
(
ψ
χ
)
, (3.27)
we find that
dψ =
√
2rχ dv +
1√
2
χ(1 + r∂r)
(
h
2r
)
du+
1
2r
ψdr , (3.28)
dχ = − 1
2r
χdr . (3.29)
The solution to these equations is given by
ψ = ψ0
√
r , χ = 0 , (3.30)
where ψ0 is an arbitrary constant. This means that half of supersymmetry is broken, in
the sense that we have a Killing spinor κ0 given by
4
κ0 =
√
rη− , (3.31)
where η− is a single Majorana-Weyl spinor in 1 + 1 dimensions satisfying γ2η− = −η−.
Nota also that since χ = 0, the term containing the function h(u, r) in (3.28) drops
out, and consequently the Killing spinor (3.31) exists for a generic pp-wave solution, not
depending on the detailed form of h(r, u).
If we specialize to the adS3 metric, which amounts to setting h = 0, the solution is
given by
ψ =
√
r(ψ0 +
√
2vχ0) , χ =
χ0√
r
, (3.32)
where ψ0 and χ0 are arbitrary constants. As expected, this means a symmetry enhance-
ment, since the Killing spinor now takes the form [17]
κ0 = r
−1/2η− + r
1/2 (η+ + vγ+η−) , (3.33)
where η± are constant spinors satisfying γ2η± = ±η±, and κ0 now decomposes into two
independent Majorana-Weyl spinors from the 1 + 1 dimensional point of view.
3The ± labels denote flat indices. To be specific, given a vector va in the tangent space, we define
the light-cone indices in a local Lorentz frame as v± = 1√
2
(±v0 + v1).
4Note that this result is considerably simpler in form than that found in [17] due to our different
choice of basis one-forms.
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4 Field equations and solutions
From (1.2) and (1.3) we see that the bosonic action of the generic 3D supergravity theory
of interest is
I =
1
κ2
∫
d3x
{
e
[
MS + σ
(
R− 2S2)+ 1
m2
(
K − 1
2
S2R− 3
2
S4
)]
− 2
m˜2
e
[
(∂S)2 − 9
4
(
S2 +
1
6
R
)2]
+
1
µ
LLCS
}
. (4.1)
Note that the S field is auxiliary in the limit that m˜2 → ∞, but with an equation that
is not linear, in contrast to the usual auxiliary fields of supergravity theories. Note also
that there is an S2R term, which means that elimination of S could alter the ‘effective’
curvature squared term in a vacuum with non-zero S. In this general model with both
LK and LR2 terms, there is a further very special case: that for which
m˜2 = 3m2 . (4.2)
This can be viewed as the limit in which mˆ2 →∞ where the mass parameter mˆ is defined
by
1
mˆ2
=
1
m2
− 3
m˜2
. (4.3)
The S2R and S4 terms cancel in the mˆ2 → ∞ limit, and the curvature squared terms
become proportional to the square of the tracefree tensor Rµν − 13gµνR.
In this section we will give the equations of motion, find some solutions and the
amount of supersymmetry they preserve. From (4.1) we find that the metric equation of
motion is
0 =
(
−1
2
MS + σS2
)
gµν + σGµν +
1
µ
Cµν +
1
2m2
Kµν +
1
2m˜2
Lµν
− 2
m˜2
[
∂µS∂νS − 1
2
gµν (∂S)
2
]
− 1
2mˆ2
[
GµνS
2 − 3
2
gµνS
4 − (DµDν − gµνD2)S2
]
, (4.4)
where √
|g|Cµν = εµτρDτSρν , Sµν = Rµν − 1
4
gµνR , (4.5)
Kµν = 2D
2Rµν − 1
2
DµDνR − 1
2
gµνD
2R− 13
8
gµνR
2
+
9
2
RRµν − 8RµλRλν + 3gµν (RρσRρσ) , (4.6)
Lµν = −1
2
DµDνR +
1
2
gµνD
2R− 1
8
gµνR
2 +
1
2
RRµν . (4.7)
The tensor Cµν is the Cotton tensor, which is a derivative of the (3D) Schouten tensor
Sµν ; this term arises from variation of the LCS term in the action. The tensor Kµν is the
14
tensor given in [2]; it arises from variation of the K term in the action. The tensor Lµν
arises from variation of the R2 term in the action. The trace of the metric equation can
be written as
(M − 4σS)S + 2σ
(
S2 +
1
6
R
)
− 1
3m2
(
K +
1
2
S2R +
9
2
S4
)
+
9
2m˜2
(
S2 +
1
6
R
)(
S2 − 1
18
R
)
=
2
3mˆ2
D2S2 +
1
3m˜2
[
2 (∂S)2 +D2R
]
. (4.8)
The S equation of motion is
(M − 4σS)− 6
mˆ2
S
(
S2 +
1
6
R
)
= − 4
m˜2
D2S . (4.9)
4.1 Maximally (super)symmetric vacua
We will now consider in detail the possibilities for maximally symmetric, but not neces-
sarily supersymmetric, vacua, for which S is constant and
Gµν = −Λgµν (4.10)
for cosmological constant Λ, which has dimensions of mass squared. For such solutions
the condition (3.3) for supersymmetry reduces to
Λ + S2 = 0 . (4.11)
This was derived as a necessary condition for supersymmetry but it is also sufficient
within the class of maximally symmetric vacua. Naturally, it implies that Λ ≤ 0 so that
only Minkowski and adS vacua can be supersymmetric.
The S equation of motion for maximally symmetric solutions, with constant S, re-
duces to
(M − 4σS)− 6
mˆ2
S
(
S2 + Λ
)
= 0 . (4.12)
Only the trace of the metric equation is needed, and this is
S (M − 4σS) + (Λ+ S2) [2σ + 1
2mˆ2
(
Λ− 3S2)] = 0 . (4.13)
Note that both these equations simplify dramatically in the limit that mˆ2 →∞. In this
special case there is a unique vacuum for given M , with S =M/(4σ) and Λ = −M2/16.
This vacuum is Minkowski for M = 0 and adS for M 6= 0, and supersymmetric in either
case. In the Minkowski vacuum the linearized theory is non-unitary.
In a next step let us assume that mˆ2 is finite, which amounts to finding solutions for
the generic curvature squared theory. We observe that the equations (4.12) and (4.13)
imply that
(M − 4σS) (9S2 + 4σmˆ2 + Λ) = 0 . (4.14)
This leads to two branches of vacua. One comes from setting M = 4σS. In this case
Λ + S2 = 0, so we have a supersymmetric vacuum when Λ < 0. In a plot of Λ against
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M2/16, the vacua of this branch lie on a half-line, in the Λ < 0 sector, that starts at the
origin.
The other branch of vacua arises from solutions of 9S2 = − (Λ + 4σmˆ2). Substituting
for S in (4.12) we learn that
(
Λ + 4σmˆ2
)(
Λ +
1
4
σmˆ2
)2
+
(
9mˆ2M
16
)2
= 0 , (4.15)
which is a cubic equation for Λ. Let us consider in turn the two possible signs for σ:
• σ < 0. There is no solution for Λ unless
Λ < 4mˆ2 . (4.16)
If we plot Λ against M2/16, we see that the cubic curve that gives the vacua on
this branch just touches the M = 0 axis at Λ = 1
4
mˆ2. This means that M = 0
allows two dS vacua (in addition to the supersymmetric Minkowski vacuum of the
other branch); one has Λ = 1
4
mˆ2 and the other has Λ = 4mˆ2. These are connected
in the sense that they lie on the same curve in theM2 ≥ 0 region of the (Λ,M2/16)
plane. This cubic curve also cuts the Λ = 0 axis, so there is a non-supersymmetric
Minowski vacuum (with non-zero S) in addition to the supersymmetric Minkowski
vacuum on the other branch. The cubic curve intersects the line Λ+M2/16 = 0 in
two points given by M2 = 8mˆ2 and M2 = 8(3
√
3 − 5)mˆ2, so these two adS vacua
are supersymmetric.
• σ > 0. For M = 0 there is a non-supersymmetric adS vacuum with Λ = −1
4
mˆ2.
This is ‘isolated’ because the part of the cubic curve with M2 < 0 is unphysical.
All other solutions on this branch are such that
Λ ≤ −4mˆ2 . (4.17)
The limiting Λ = −4mˆ2 adS vacuum occurs for M2 = 0. All these adS vacua
are non-supersymmetric, with one exception, corresponding to the point in the
(Λ,M2/16) plane at which the cubic equation cuts the line of supersymmetric adS
vacua.
These possibilities are displayed in Figs. 1 and 2.
Let us finally note that there is a neat geometrical interpretation for the existence of
supersymmetric adS solutions with Λ = −M2/16. Remarkably, this is precisely the value
one gets for pure Einstein-Hilbert plus cosmological constant. In other words, the higher-
derivative contributions to the field equations drop out for maximally supersymmetric
solutions. This can be directly understood by noting that the connection Ω+ gives rise
to so-called ‘parallelizing torsion’ for maximally supersymmetric configurations. To be
precise, from (2.23) we infer that the curvature with respect to the torsionful connection
vanishes when evaluated for supersymmetric adS solutions,
Rµν
ab(Ω+)|S2=−Λ = 0 . (4.18)
16
1M2
16
-1
3
16
1
2
3
L
Σ < 0
Figure 1: Maximally-symmetric vacua for σ = −1 and mˆ2 = 34 , the straight line representing
supersymmetric vacua.
2 4 6 8
M2
16
-2
-4
-6
-8
L
Σ > 0
Figure 2: Maximally-symmetric vacua for σ = 1 and mˆ2 = 1, the straight line representing the
supersymmetric vacua; this is the same straight line as in Fig. 1, despite appearances,
because of the different scales for the Λ axes. There is also an isolated adS vacuum
at Λ = −14 , M = 0, which is not indicated.
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Since the supersymmetric curvature-square actions have been computed as the squares
of R(Ω+), it follows directly from (4.18) that their contribution to the field equations
obtained by varying this action vanishes for supersymmetric configurations. Explicitly,
we have for the K invariant the factorization
LK =
(
Gµν − S2gµν) [ (Gµν − S2gµν)+ 14(R + 6S2)gµν] . (4.19)
Let us stress that since the first factor vanishes only for maximally symmetric geometries,
the variation of LK will not vanish for general supersymmetric configurations. This is in
contrast to LR2 whose variation vanishes for all supersymmetric solutions with constant
S by virtue of (3.4).
4.2 pp-wave solutions
We now aim to find a supersymmetric pp-wave metric (3.20) that solves the metric
equation (4.4) and S-equation (4.9). It is straightforward to verify that the vv and vx
components of the metric equation are automatically satisfied. Thus, we have to consider
the uu, uv, ux and xx components of the metric equation, and the S-equation. The latter,
upon the use of (3.15) and (3.17), takes the form
1
m˜2
∂2xS −
(
1
m2
− 1
m˜2
)
S∂xS − σS + 1
4
M = 0 . (4.20)
Setting S = −1/ℓ, we see from (4.20) that ℓ = −4σ/M . The non-vanishing components
of the Ricci tensor Rab and Cotton tensor Cab are
R+− = R22 = −2 , (4.21)
R−− = − 1
2r2
(
r2∂2r − r∂r
)
h , (4.22)
C−− = (r∂r + 1)R−− , (4.23)
where we set, from now on, ℓ = 1. Turning to the metric equations, using these results
and (3.24), we find that they are all trivially satisfied except the uu component which
takes the form [
1
m2
r2∂2r +
(
3
m2
+
1
µ
)
r∂r +
(
σ +
1
µ
)]
R−− = 0 . (4.24)
To solve this equation, we substitute h = rn. The resulting characteristic polynomial is
n(n− 2)
(
1
m2
n(n− 2) + 1
µ
(n− 1) + σ
)
= 0 . (4.25)
Thus we find the solutions
h±(u, r) = r
n±f1(u) + r
2f2(u) + f3(u) , (4.26)
where f1,2,3 are arbitrary functions of u only and
n± = 1− m
2
2µ
±
√
1 +
m4
4µ2
− σm2 . (4.27)
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The functions f2 and f3 can be removed by local coordinate transformations (see, for
example, [17]). Therefore, we shall take n± 6= 0, 2 and write the general solution as
h(u, r) = h+(u)r
n+ + h−(u)r
n− , (4.28)
where h±(u) are arbitrary functions of u, and the exponents n± are as given in (4.27).
Next, we observe that in the bosonic NMG, the characteristic equation obtained in [20]
has an additional factor of 1/(2m2) in the parenthesis multiplying n(n − 2) in (4.25).
In the massive supergravity model we are considering, however, there is an additional
contribution coming from the term proportional to GµνS
2 in (4.4). As a consequence, we
obtain the characteristic equation (4.25), and the roots (4.27) differ from those in [20] in
that the first term under the square root is 1 instead of 1
2
. This difference has interesting
consequences, as we shall see below.
To begin with, let us consider the roots of (4.27) and examine the parameter values for
which degeneracies arise. In such cases, as is well known, additional logarithmic solutions
appear. The doubly degenerate roots n+ = n− arise for
m2± = 2µ
2
(
σ ±
√
σ2 − 1
µ2
)
, (4.29)
where, again, we have suppressed the adS radius, which can easily be re-introduced by
dimensional analysis, for notational simplicity. In this case, the following additional
solutions arise
h(r, u) = rk± [h1(u) log r + h2(u)] , (4.30)
where k± = 1− (m2±/2µ) takes the form
k± = 1− µσ ∓
√
µ2σ2 − 1 , (4.31)
and h1(u), h2(u) are arbitrary functions of u.
Considering the root n = 0 of (4.25), it becomes triply degenerate for µσ = +1, and
the root n = 2 becomes triply degenerate for µσ = −1, since
k± =
{
0 if µσ = +1 ,
2 if µσ = −1 . (4.32)
This means that the solutions becomes adS3, and that the following additional solutions
arise:
µσ = +1 : h(r, u) = log r [h1(u) log r + h2(u)] , (4.33)
µσ = −1 : h(r, u) = r2 log r [h1(u) log r + h2(u)] . (4.34)
This is remarkable because µσ = ±1 are precisely the critical points which arise in the
chiral gravity limit of TMG [6] in which, apart from the logarithmic modes that do not
obey the standard Brown-Henneaux boundary conditions [8], the usual graviton mode
ceases to propagate in the bulk. In the case of ordinary bosonic NMG, on the other hand,
it can be shown that critical points arise for those values at which the central charges of
bosonic NMG vanish [20]. We shall comment further on various aspects of our critical
points µσ = ±1 in the conclusions.
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5 Linearization about a supersymmetric Minkowski
vacuum
We now wish to investigate the propagating degrees of freedom and their multiplet struc-
ture around a supersymmetric Minkowski vacuum, which requires a linearisation about
this background. Linearized 3D N = 1 supergravity theories are constructed from the
symmetric tensor hµν , the anticommuting vector spinor ψµ (which is a Majorana spinor)
and the ‘auxiliary’ scalar S (which may actually propagate, depending on the details of
the action). We insist on gauge invariance with respect to the following linear gauge
transformations
hµν → hµν + ∂(µvν) , ψµ → ψµ + ∂µς , (5.1)
where v is an arbitrary vector field and ς an arbitrary Majorana spinor field. It is
convenient to define
hµ = η
νρ∂ρhµν , h = η
µνhµν , (5.2)
and to introduce the following gauge invariant ‘field strengths’
R(lin)µν = −
1
2
[
hµν − 2∂(µhν) + ∂µ∂νh
]
, Rµ(lin) = ε
µνρ∂νψρ . (5.3)
The first of these is the linearized Ricci tensor and the second is the Rarita-Schwinger
field strength. The linearized Einstein tensor is
G(lin)µν = R
(lin)
µν −
1
2
ηµνR
(lin) , R(lin) = ηµνR(lin)µν . (5.4)
Also useful is the linearized Cotton tensor
C(lin)µν = εµ
τρ∂τS
(lin)
ρν , S
(lin)
µν = R
(lin)
µν −
1
4
ηµνR
(lin) , (5.5)
and its fermionic counterpart, the ‘Cottino tensor’,
C
µ
(lin) = γ
ν∂νR
µ
(lin) + ε
µνρ∂νRρ . (5.6)
Note the identities
γµC
µ
(lin) ≡ 0 , ∂µC µν ≡ 0 . (5.7)
The linearized off-shell supersymmetry transformations may now be written as
δǫhµν = ǫ¯γ(µψν) , δǫS =
1
4
ǫ¯γµR
µ
(lin) ,
δǫψµ =
[
−1
4
ερσνγν∂ρhµσ +
1
2
Sγµ
]
ǫ . (5.8)
The following four quadratic Lagrangians yield actions that are both gauge invariant and
supersymmetric, up to surface terms:
L
(2)
EH = −
1
2
hµνG(lin)µν − 2S2 − ψ¯µRµ(lin)
L
(2)
top =
1
2
hµνC
µν
(lin) +
1
2
ψ¯µC
µ
(lin)
L
(2)
K = −
1
2
εµτρhµ
ν∂τC
(lin)
ρν −
1
2
ψ¯µ (γ
ν∂ν)C
µ
(lin)
L
(2)
R2 = R
2
(lin) + 16SS − 4
(
R¯(lin) · γ
)
(γ · ∂) (γ ·R(lin)) . (5.9)
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One can show that
Rµν(lin)R
(lin)
µν −
3
8
R2(lin) = −
1
2
εµτρhµ
ν∂τC
(lin)
ρν + total derivative , (5.10)
so the Lagrangian L
(2)
K is indeed the quadratic approximation to the supersymmetrization
of the Lagrangian LK . Similarly, the Lagrangian L
(2)
top is the quadratic approximation to
the LCS term since its variation yields the linearized Cotton tensor.
In the following we shall consider the general linear combination of these four La-
grangians, which are parametrized by a dimensionless constant σ and three mass param-
eters (µ,m, m˜):
L(2) = σL
(2)
EH +
1
µ
L
(2)
top +
1
m2
L
(2)
K +
1
8m˜2
L
(2)
R2 . (5.11)
On setting σ = 1 and taking all mass parameters to infinity, one gets the linearization
of the standard N = 1 3D supergravity, which has no propagating modes. Allowing
finite µ leads to a unitary theory if σ < 0 and one may then choose σ = −1 without
loss of generality; this is the linearization of topologically massive supergravity, which
propagates modes of helicities ±(2, 3/2), the sign depending on the sign of µ. Of principal
interest here will be the models for which either m2 or m˜2 is finite; as we shall see,
unitarity requires that we take either m2 or m˜2 to infinity, but this is merely a necessary
condition for unitarity, not a sufficient one. Our aim here is to determine all possible
unitary theories within the class of models considered.
5.1 Canonical decomposition
There are three gauge-invariant components of the metric, which we may write, following
Deser [4] but in terms of slightly different variables (N, ξ, ϕ) as
hij = −εikεjl∂k∂l∇2 ϕ , h0i = −ε
ij 1
∇2∂jξ , h00 =
1
∇2 (N +ϕ) . (5.12)
Observe that this decomposition implies the gauge choice
∂ihij ≡ 0 , ∂ih0i ≡ 0 . (5.13)
We may make a similar decomposition of the anticommuting vector spinor ψµ in terms
of anticommuting spinors (η, χ) by writing
ψi = γiχ , ψ0 = γ0
(
1
∇2γ
i∂iη + χ
)
. (5.14)
This implies the gauge choice
γiψi = 2
γi∂i
∇2 ∂jψj , (5.15)
which is non-standard but simplifies the subsequent analysis.
In terms of the variables (N, ξ, ϕ), the components of the linearized Einstein tensor
are
Glin00 =
1
2
∇2ϕ , Glin0i =
1
2
(
∂iϕ˙+ ǫ
ij∂jξ
)
, (5.16)
Glinij = −
1
2
(δijϕ− ∂i∂jϕ)− 1
2
(
δij − ∂i∂j∇2
)
N +
1
2
(
εik
∂k∂j
∇2 + ε
jk∂k∂i
∇2
)
ξ˙ ,
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and hence
Rlin = N + 2ϕ . (5.17)
The components of the linearized Cotton tensor are
C
(lin)
00 =
1
2
∇2ξ , C(lin)0i =
1
2
∂iξ˙ − 1
4
εij∂jN , (5.18)
C
(lin)
ij =
1
2
(δij+ ∂i∂j) ξ +
∂i∂j
∇2 ξ¨ −
1
4
(
εik
∂k∂j
∇2 + ε
jk∂k∂i
∇2
)
N˙ .
In terms of the anticommuting spinor variables (η, χ), the components of the Rarita-
Schwinger field strength are
R
0
(lin) = γ
0γi∂iχ , R
i
(lin) = γ0
[
εij∂j
(
χ+
γk∂k
∇2 η
)
+ γiχ˙
]
, (5.19)
and hence
γµR
µ
(lin) = γ0η + 2γ
µ∂µχ . (5.20)
The components of the fermionic counterpart of the Cotton tensor are
C
0 = γ0γi∂iη , C
i = εij∂j
(
γ0η +
γk∂k
∇2 η˙
)
− γ0∂i
[
γk∂k
∇2 η˙
]
. (5.21)
Using these results, one finds that
L
(2)
EH = −
1
2
(
ϕN + ϕϕ− ξ2)− 2S2 + 2χ¯ (γµ∂µ)χ+ 2χ¯η ,
L
(2)
top =
1
2
ξN − 1
2
η¯η , (5.22)
L
(2)
K =
1
8
N2 +
1
2
ξξ − 1
2
η¯ (γµ∂µ) η ,
L
(2)
R2 = (N + 2ϕ)
2 + 16SS − 4η¯ (γµ∂µ) η − 16η¯χ− 16χ¯ (γµ∂µ)χ .
Notice that both L
(2)
top and L
(2)
K are independent of both ϕ and χ. For L
(2)
top this is a
consequence of its superconformal invariance. For L2K it is a consequence of an ‘acci-
dental’ linearized superconformal invariance that is not a feature of the full action. The
combination of these Lagrangians corresponding to (5.11) can be written as
L(2) = L
(2)
(bos) + L
(2)
(ferm) , (5.23)
where
L
(2)
(bos) = −
σ
2
(
ϕN + ϕϕ− ξ2)+ 1
2µ
ξN +
1
8m2
N2 +
1
2m2
ξξ
+
1
8m˜2
(N + 2ϕ)2 +
2
m˜2
S
(
− σm˜2)S , (5.24)
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and
L
(2)
(ferm) = 2σ [χ¯γ
µ∂µχ+ χ¯η]− 1
2µ
η¯η − 1
2m2
η¯γµ∂µη
+
1
m˜2
[−4η¯ (γµ∂µ) η − 16η¯χ− 16χ¯ (γµ∂µ)χ] . (5.25)
A notable feature of the above Lagrangians is that they can be interpreted as Lorentz
invariant Lagrangians in their own right, despite the initial time-space split that was used
to arrive at them. In this context, we would interpret the bosonic fields as Lorentz scalars
and the fermionic fields as Lorentz spinors. However, the stress tensor of this scalar-spinor
theory is not the same as that of the ‘original’ theory, and hence the integral for angular
momentum is quite different to that of the original theory, so one cannot read off the
spins of the propagated modes in the original theory in any obvious way. However, the
formalism is well-suited to the task of determining all possible unitary theories. Once we
have these theories, other methods must be used to determine the helicity content (in
the case of massive modes, because helicity is not defined for massless particles in 3D).
5.1.1 Check of supersymmetry
To determine the supersymmetry transformations of the variables (N, ξ, ϕ) and (η, χ),
we must consider the combined transformations
δhµν = δǫhµν + ∂(µv
(comp)
ν) , δψµ = δǫψµ + ∂µς
(comp) , (5.26)
where the δǫ variations are those of (5.8) and the parameters of the (compensating)
gauge transformations must be chosen such that the combined transformations preserve
the gauge choices (5.13) and (5.15). This requirement implies that
v
(comp)
0 = ǫ¯
1
∇2 (γ0η + χ˙) , v
(comp)
i = −ǫ¯
1
∇2∂iχ , (5.27)
and that
ς(comp) = −1
4
[
ϕ+ γi∂i
1
∇2
(
γ0ϕ˙− ξ)] ǫ . (5.28)
One then finds that
δN = −ǫ¯γµ∂µη , δξ = −1
2
ǫ¯η , δϕ = −ǫ¯χ , δS = 1
2
ǫ¯γµ∂µχ+
1
4
ǫ¯η , (5.29)
and that
δχ = −1
4
γµǫ∂µϕ+
1
4
ξǫ+
1
2
Sǫ , δη = −1
4
Nǫ− 1
2
γµǫ∂µξ . (5.30)
One may verify that all four Lagrangians (5.22) are invariant under these transformations.
5.2 Unitarity
We now use the above results to find all unitary theories within the class of the theories
parametrized by (σ, µ,m, m˜). We shall do this separately for the bosonic part and the
fermionic bilinear part.
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5.2.1 Bosonic part
The N field is auxiliary in (5.24) and can be eliminated to yield the equivalent La-
grangian5
Lbos =
1
2 (m2 + m˜2)
(ϕ)2 +
1
2m2
ξξ − m
2
(m2 + m˜2)µ
ξϕ− σ
2
(
m˜2 −m2
m˜2 +m2
)
ϕϕ
− m
2m˜2
2 (m2 + m˜2)
[
σ2ϕ2 − 2σ
µ
ϕξ +
(
1
µ2
− (m
2 + m˜2)σ
m2m˜2
)
ξ2
]
+
2
m˜2
S
(
− σm˜2)S . (5.31)
There are ghosts unless the (ϕ)2 term is absent, which requires that m2 + m˜2 → ∞.
We may take m˜2 → ∞ keeping m2 fixed, or vice-versa. We shall consider these two
possibilities in turn
• m˜2 →∞. In this case it is convenient to set
ξ = mζ , (5.32)
after which the Lagrangian becomes
Lbos =
1
2
[−σϕϕ + ζζ ]− 1
2
m2
[
σ2ϕ2 ∓ 2σm
µ
ϕζ +
(m2 − σµ2)
µ2
ζ2
]
.
This result generalizes that of [4] to allow for σ 6= −1 and |µ| 6= ∞. We see that
σ ≤ 0 is necessary for unitarity.
Consider first the σ < 0 case; we may then choose σ = −1 without loss of generality.
In terms of the row 2-vector ΦT = (ϕ, ζ), the Lagrangian takes the form
Lbos =
1
2
ΦTΦ− 1
2
ΦTM2Φ , (5.33)
where M2 is a mass matrix with eigenvalues m2± such that
m+m− = m
2 , |m+ −m−| = m
2
|µ| . (5.34)
We thus find agreement with [2], although it is not obvious from this analysis that
both modes have spin 2.
When σ = 0 we get the Lagrangian
Lbos =
1
2
[
ζζ −
(
m2
µ
)2
ζ2
]
− 1
2
m2ϕ2 . (5.35)
The variable ϕ is now auxiliary so we have a single mode with mass m2/µ; it will
be shown that this mode has spin 2, so the model is, at least at the linearized level,
a ‘new topologically massive gravity’ (NTMG).
5There are special cases for which N occurs only linearly, in which case it is a Lagrange multiplier
for a constraint, but the solution of the constraint turns out to yield models that can also be obtained
as limits of the generic ones obtained by integrating out N .
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• m2 →∞. In this case we have
Lbos = −1
µ
ξϕ+
σ
2
ϕϕ− 1
2
m˜2
[
σ2ϕ2 − 2σ
µ
ϕξ +
(
1
µ2
− σ
m˜2
)
ξ2
]
+
2
m˜2
S
(
− σm˜2)S . (5.36)
Given that σ 6= 0, we may simplify the Lagrangian by using the new variables
(ϕ′, ζ ′) defined by
ϕ = ϕ′ ∓ ζ ′/σ , ξ = −µζ ′ . (5.37)
One then finds that
Lbos =
σ
2
ϕ′
(
− σm˜2)ϕ′ − 1
2σ
ζ ′
(
− σ2µ2) ζ ′ + 2
m˜2
S
(
− σm˜2)S . (5.38)
We see that either ϕ′ or ζ ′ is a ghost mode, but we can still get a unitary theory
by taking the ghost mass to infinity. Returning to (5.36) and taking µ2 → ∞ we
get the Lagrangian
Lbos =
σ
2
ϕ
(
− σm˜2)ϕ+ 2
m˜2
S
(
− σm˜2)S + σ
2m˜2
ξ2 . (5.39)
The variable ξ is now auxiliary and may be trivially eliminated, resulting in a
theory that is unitary and tachyon-free for σ > 0; we may choose σ = 1 without
loss of generality. This unitary ‘scalar massive gravity’ (SMG) theory propagates
two scalar modes of mass m˜; one mode comes from the metric and the other comes
from the ‘auxiliary’ scalar S.
If σ = 0 then (5.36) becomes
Lbos = −1
µ
ξϕ− m˜
2
2µ2
ξ2 +
2
m˜2
SS . (5.40)
We see that ξ is auxiliary again, but its elimination now yields the non-unitary
Lagrangian
Lbos =
1
2m˜2
(ϕ)2 +
2
m˜2
SS . (5.41)
To summarize, there are essentially just three ways to get a unitary Lagrangian when
either m2 or m˜2 is finite. These are
1. m˜2 →∞ and σ = −1. This yields GMG.
2. m˜2 → ∞ and σ = 0. This yields ‘New Topologically massive gravity” (NTMG),
but this model may have problems at the interacting level. The massless version is
the ‘pure-K’ model considered by Deser [4].
3. m2 → ∞ and µ2 → ∞, and σ = 1. This is the bosonic sector of SMG; it is
equivalent to 3D gravity coupled to a scalar field with a particular potential that
linearizes to give a particle of mass m˜, plus an ‘auxiliary’ scalar describing another
particle of mass m˜.
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5.2.2 Fermionic part
It is convenient to rewrite the 1/m˜2 contribution to (5.25) so that
L
(2)
(ferm) = −
1
2m2
η¯γµ∂µη − 1
2m˜2
β¯γµ∂µβ + 2σχ¯γ
µ∂µχ− 1
m˜2
λ¯γµ∂µχ
+ 2σχ¯η − 1
2µ
η¯η − 1
2m˜2
λ¯ (η − β) . (5.42)
This involves two new spinor variables (β, λ) but λ is a Lagrange multiplier that imposes
the constraint β = η + 2γµ∂µχ, whereupon the Lagrangian reduces to the previous one
of (5.25).
The kinetic terms for (χ, λ) can be brought to diagonal form in new variables but the
result is that there is a ghost unless either (i) m˜2 → ∞ or (ii) m2 → ∞ and µ2 → ∞.
We shall consider in turn these two possibilities.
• m˜2 →∞. The fermionic Lagrangian simplifies to
Lferm = − 1
2m2
η¯γµ∂µη + 2σχ¯γ
µ∂µχ+ 2σχ¯η − 1
2µ
η¯η . (5.43)
Unitarity requires σ < 0 and we may choose σ = −1 without loss of generality. By
setting
η = mη′ , χ =
1
2
χ′ , (5.44)
and introducing a row 2-vector ΞT = (η′, χ′), we can put the Lagrangian in the
form
Lferm = −1
2
Ξ¯ (γµ∂µ −M) Ξ , (5.45)
where M is a diagonalizable mass matrix such that
detM2 = m4 , trM2 =
m2 (m2 + 2µ2)
µ2
. (5.46)
This implies that M2 has eigenvalues m2±, the squared masses of GMG. Supersym-
metry implies that the two propagated modes have spin 3/2, but this fact is not
obvious from this approach.
When σ = 0 the Lagrangian (5.43) simplifies to
Lferm = −1
2
η¯′
(
γµ∂µ +
m2
µ
)
η′ . (5.47)
This is the fermionic part of NTMG. As expected, it propagates a single mode of
mass m2/µ. Supersymmetry implies that this mode has spin 3/2.
• m2 →∞ and µ2 →∞. Taking the limitm2 →∞ does not immediately remove the
ghost modes from (5.25) but it removes the kinetic term for η. If we also remove
the mass term by taking |µ| → ∞ then η becomes a Lagrange multiplier for the
constraint
λ = 4m˜2σχ . (5.48)
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Using this we arrive at the Lagrangian
Lferm = − 1
2m˜2
β¯γµ∂µβ − 2σχ¯γµ∂µχ + 2σβ¯χ . (5.49)
We now see that unitarity also requires σ ≥ 0. When σ > 0 we may choose σ = 1
without loss of generality. By setting
β = m˜β ′ , χ =
1
2
χ′ , (5.50)
and again introducing a row 2-vector ΞT = (η′, χ′), we can again put the Lagrangian
in the form (5.45) but now with a mass matrixM such thatM2 has both eigenvalues
equal to m˜2. This is to be expected because in the supersymmetrization of SMG
the ‘auxiliary’ scalar S propagates with mass m˜, so we need two spin 1/2 modes of
this mass.
When σ = 0, we get the very simple Lagrangian
Lferm = −1
2
β¯ ′γµ∂µβ
′ , (5.51)
which propagates a single massless mode. This is the superpartner to the ‘Deser’
mode of the ‘pure-K’ theory.
To summarize, the fermionic Lagrangian provides exactly the modes implied by su-
persymmetry given our earlier bosonic results.
6 The three unitary theories
Our investigations so far can be summarized by saying that among the generic ‘higher-
derivative’ supergravity theories there are three classes of unitary theories:
• GMSG or ‘General Massive Supergravity’. This is obtained by setting σ = −1 and
m˜2 =∞, so that
IGMSG =
1
κ2
∫
d3x
{
e
[
−LEH + 1
m2
LK
]
+
1
µ
LLCS
}
+ fermions . (6.1)
This includes the supersymmetric extensions of both ‘New Massive Gravity’ (NMG)
and ‘Topologically Massive Gravity’ (TMG), obtained as the limiting cases in which
µ2 →∞ or m2 →∞, respectively.
• NTMSG or ‘New Topologically Massive Supergravity’. This is obtained by setting
σ = 0 and m˜2 =∞, and so
INTMSG =
1
κ2
∫
d3x
{
1
m2
e LK +
1
µ
LLCS
}
+ fermions . (6.2)
The bosonic action might be considered as a limit of GMG in which σ → 0 but there
are various reasons for considering it separately. In contrast to NMG and TMG,
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one cannot get to the theory with σ = 0 just by taking limits of particle masses.
Also, there is an ‘accidental’ superconformal invariance of the linearized theory
when σ = 0, and this means that the quadratic approximation leads to a linearized
Minkowski space field theory with a ‘missing’ field equation. Interpretation of the
linearized results is therefore not straightforward. Nevertheless, we will show here
that this linearized theory has many features in common with TMG, hence the
name we choose for it. In particular, it propagates a single spin 2 mode, and its
fermionic counterpart propagates a single spin 3/2 mode.
• SMSG or ‘Scalar Massive Supergravity’. This is obtained by setting σ = 1 and
both µ =∞ and m2 =∞, so that
ISMSG =
1
κ2
∫
d3x e
[
LEH +
1
8m˜2
LR2
]
+ fermions . (6.3)
In the context of the purely bosonic theory, and ignoring the supergravity ‘auxiliary’
field S, this is known to be equivalent to a scalar field coupled to gravity with a
potential that gives the scalar field a mass m˜ in the linearized limit (see [22] for a
review). This model has never been supersymmetrized, to our knowledge.
We shall now consider in turn these three classes of unitary supergravity theories and
determine the helicities of the different fields.
6.1 General Massive Supergravity
The quadratic approximation to the Lagrangian of the ‘general massive supergravity’
model is
L
(2)
GMSG = L
(2)
(bos) + L
(2)
(ferm) , (6.4)
where
L
(2)
(bos) =
1
2
hµνG(lin)µν + 2S
2 +
1
2µ
hµνC
µν
(lin) −
1
2m2
εµτρhµ
ν∂τC
(lin)
ρν ,
L
(2)
(ferm) = ψ¯µR
µ
(lin) +
1
2µ
ψ¯µC
µ − 1
2m2
ψ¯µ (γ
ν∂ν)C
µ
(lin) . (6.5)
The field S is genuinely auxiliary and may be trivially eliminated. It was observed in [2]
that the metric perturbation field equation can be written as
[O (−m−)O (m+)]µ ρG(lin)ρν = 0 , R(lin) = 0 , (6.6)
where the masses m± are given by
m2 = m+m− , µ =
m+m−
(m− −m+) , (6.7)
and O is the following operator, defined for arbitrary mass m:
[O(m)]µ
ν ≡ δµν + 1
m
εµ
τν∂τ . (6.8)
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Because of the linearized Bianchi identity ∂µGlinµν = 0, the equations (6.6) propagate two
spin 2 modes, with masses m+ for helicity +2 and mass m− for helicity −2. Here we
shall present a novel proof of this fact .
Consider first the special case with m+ = m−; in this case we need to prove that the
equations (6.6) are equivalent to the 3D version of the standard Fierz-Pauli (FP) equation
[21]. Actually, Fierz and Pauli presented their results in terms of one dynamical equation
and two subsidiary conditions. For a 3D symmetric tensor field h˜, these equations are(
−m2) h˜µν = 0 , ηµνh˜µν = 0 , ∂µh˜µν = 0 . (6.9)
We may solve the differential subsidiary condition by writing
h˜µν = G
(lin)
µν (h) , (6.10)
where G(lin) is the linearized Einstein tensor for a new symmetric tensor field h. The
remaining subsidiary constraint and the dynamical equation are, when expressed as equa-
tions for h, precisely those of (6.6) in the special case that m+ = m−. This proves the
equivalence of linearized NMG to the 3D FP theory. To obtain the analogous result for
GMG, one must start from the parity-violating modification of the 3D FP equation found
by replacing the wave equation for h˜ with the equation
[O(−m−)O(m+)]µ ρh˜ρν = 0 . (6.11)
Given this result for the bosonic Lagrangian, supersymmetry implies that the two
modes of masses m± propagated by the fermionic Lagrangian must have either spin 3/2
or spin 5/2. We shall now show that these modes have spin 3/2. The ψµ field equation
is
R
µ
(lin) +
1
2µ
C
µ
(lin) −
1
2m2
(γτ∂τ )C
µ
(lin) = 0 . (6.12)
Observe that this equation implies that
γ ·R(lin) = 0 . (6.13)
To go further it is convenient to consider first the limiting case in which m2 → ∞: in
this case we have the equation
(γτ∂τ )R
µ
(lin) = −2µRµ(lin) − εµνρ∂νR(lin)ρ (m2 =∞) , (6.14)
which can be written as [
Oˆ(µ)R
]ν
= 0 , (6.15)
where
Oˆ(µ)µν = δ
µ
ν +
1
2µ
[δµν (γ
τ∂τ )− εντµ∂τ ] . (6.16)
We know from studies of super-TMG that this equation must propagate a single spin 3/2
mode of mass µ [14, 23]. Next, we observe that the generic field equation (6.12) can be
written in the form [
Oˆ(−m−)Oˆ(m+)
]µ
ν R
ν
(lin) = 0 . (6.17)
There is a precise parallel with our analysis of the spin 2 equation of GMG, as expected
from supersymmetry. The helicity +2 propagated with mass m+ is accompanied by a
helicity +3
2
mode of the same mass, and the same for the negative helicity states but
with mass m−.
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6.2 New Topologically Massive Supergravity
The quadratic approximation to the Lagrangian of the ‘new topologically massive super-
gravity’ model is
L
(2)
NTMSG = L
(2)
(bos) + L
(2)
(ferm) , (6.18)
where
L
(2)
(bos) =
1
2µ
hµνC
µν
(lin) −
1
2m2
εµτρhµ
ν∂τC
(lin)
ρν ,
L
(2)
(ferm) =
1
2µ
ψ¯µC
µ
(lin) −
1
2m2
ψ¯µ (γ
ν∂ν)C
µ
(lin) . (6.19)
As we have seen, this model propagates one bosonic mode and one fermionic mode, both
of mass
µ˜ = m2/µ . (6.20)
We now show that these modes have spin 2 and spin 3/2 respectively.
The linearized field equation for h can be written as
[O(µ˜)]µ
ρC linρν = 0 , [O(µ˜)]µ
ν = δµ
ν +
1
µ˜
εµ
τν∂τ . (6.21)
The tensor operator O(µ˜) is the ‘square-root’ of the ‘Proca’ operator [24]. Despite ap-
pearances, the tensor O(M)C lin is symmetric by virtue of the tracelessness of C(lin) and
the ‘Bianchi’ identity
∂µC linµν ≡ 0 . (6.22)
As a consequence of this identity, we have the further identity
− µ˜2 [O(−µ˜)O(µ˜)C lin]
µν
≡ (− µ˜2)Cµν , (6.23)
from which it follows that that the field equation O(µ˜)C lin = 0 implies that(
− µ˜2)C linµν = 0 . (6.24)
The combination of this equation with (6.22) is equivalent to the FP equation for the
symmetric tensor C lin. This is not the independent field, of course, but this does not
matter because the equation C lin = 0 implies that h is pure gauge. One may expand on
this argument along the lines presented for NMG in [2], but here we present an alternative
argument that extends the one used above for GMG. Starting with the FP equations in
the form (6.9) for the symmetric tensor field h˜, we may solve both of the subsidiary
conditions by writing
h˜µν = C
(lin)
µν (h) , (6.25)
where C(lin)(h) is the Cotton tensor for a new symmetric tensor field h. The remaining
dynamical equation for h˜ is, when expressed as an equation for h, precisely (6.24).
We now turn to the linearized equation for the vector spinor field:
(γν∂ν − µ˜)C µ = 0 . (6.26)
This propagates spin 3/2 because the spin 1/2 components are absent as a consequence
of the identities ∂ · C ≡ 0 and γ · C ≡ 0.
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6.3 Scalar Massive Supergravity
The quadratic approximation to the Lagrangian of the ‘scalar massive supergravity’
model is
L
(2)
SMSG = L
(2)
(bos) + L
(2)
(ferm) , (6.27)
where
L
(2)
(bos) = −
1
2
hµνG(lin)µν − 2S2 +
1
m˜2
[
1
8
R2(lin) + 2SS
]
,
L
(2)
(ferm) = −ψ¯µRµ(lin) −
1
2m˜2
(
R¯(lin) · γ
)
(γ · ∂) (γ ·R(lin)) . (6.28)
In this case the field S is not actually auxiliary; it propagates a spin zero mode of mass
m˜. It is known that the one mode of mass m˜ propagated by the metric part of the
bosonic Lagrangian also has spin zero, so supersymmetry implies that the fermionic part
must propagate two spin 1/2 modes of mass m˜. To verify this, we rewrite the ‘fermionic’
Lagrangian as
L
(2)
(ferm) = −ψ¯µRµ(lin) −
1
2
ρ¯γτ∂τρ+ λ¯
(
m˜ρ− γ ·R(lin)
)
, (6.29)
where the new spinor field λ is a Lagrange multiplier field that constrains the other new
spinor field ρ to equal γ ·R(lin)/m˜. The general solution of the ψµ field equation is
ψµ =
1
2
γµλ+ ∂µǫ . (6.30)
Thus, ψ is determined in terms of λ up to an irrelevant gauge transformation. Using this
result, the λ equation becomes
γτ∂τλ = m˜ρ , (6.31)
while the ρ field equation is
γτ∂τρ = m˜λ . (6.32)
It follows that
(γτ∂τ ± m˜) (λ± ρ) = 0 . (6.33)
which implies two spin 1/2 modes of mass m˜.
7 N > 1 massive supergravities
Our results for N = 1 3D supergravities can be extended to N = 2. The linearized limit
of the general parity-preserving curvature-squared model was considered in [13] and those
results were adapted in [2] to deduce some features of the N = 2 extension of the new
massive gravity model. Here we present more details and give the extension to GMG;
i.e. we allow for parity-violating terms.
Any N = 2 model can be viewed in N = 1 terms. In the context of the GMG
models, this involves a decomposition of the N = 2 graviton multiplet into an N = 1
graviton multiplet and another N = 1 multiplet that propagates helicities ±(3
2
, 1). We
begin by presenting this new multiplet.
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7.1 The spin (3/2, 1) multiplet
Consider the following infinitesimal supersymmetry transformations connecting a ‘second’
gravitino field ψ′µ to a vector field Aµ and a ‘second’ scalar auxiliary field S
′:
δψ′µ =
1
4
γτγµǫAτ +
1
2
γµǫS
′ ,
δAµ =
1
2
ǫ¯γνγµR
′ν
(lin) , δS
′ =
1
4
ǫ¯γ ·R ′(lin) . (7.1)
It may be verified that these transformations close off-shell, up to gauge transformations,
in the same way as those of (5.8). The following three Lagrangians are invariant, up to
a total derivative, under these transformations:
L1 = ψ¯
′ ·R ′(lin) − 1
2
AµAµ + 2 (S
′)
2
, (7.2)
L2 =
1
2
ψ¯′ · C ′(lin) − 1
4
εµνρAµFνρ , (7.3)
L3 = −1
2
ψ¯′µ (γ
τ∂τ )C
′µ
(lin) −
1
4
F µνFµν , (7.4)
where
Fµν ≡ 2∂[µAν] . (7.5)
Putting this together we get the following Lagrangian
L′ = L′(bos) + L
′
(ferm) , (7.6)
where
L(bos) = − 1
4m2
F µνFµν − 1
4µ
εµνρAµFνρ − 1
2
AµAµ ,
L(ferm) = ψ¯
′
µR
′µ
(lin) +
1
2µ
ψ¯′µC
′µ − 1
2m2
ψ¯′µ (γ
ν∂ν)C
′µ
(lin) . (7.7)
This Lagrangian propagates one helicity (3
2
, 1) supermultiplet with mass m+ and one
helicity (−3
2
,−1) supermultiplet with mass m−. In the special case that m− → ∞ for
fixed m+, which corresponds to the m
2 → ∞ limit, we have a supersymmetrization of
the ‘odd-dimensional self-dual’ (or ‘Proca square-root’) model of [24].
7.2 Linearized N = 2 massive supergravity
The fields of the off-shell linearized N = 2 supergravity are the metric perturbation
hµν , two gravitini ψ
a
µ (a = 1, 2), a vector Aµ and an auxiliary scalar field S
ab that is
symmetric and traceless in its two indices, which we can interpret as indices of the SO(2)
automorphism group of the N = 2 supersymmetry algebra. The N = 2 infinitesimal
supersymmetry transformations of these fields, with anticommuting Majorana spinor
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parameters ǫa, are
δhµν = ǫ¯
aγ(µψ
a
ν) ,
δψaµ = −
1
4
γρσ∂ρhµσǫ
a − 1
4
εabγτγµǫ
bAτ +
1
2
γµǫ
bSab ,
δAµ =
1
2
εabǫ¯aγνγµR
ν b
(lin) ,
δSab =
1
2
ǫ¯aγ ·Rb(lin) −
1
4
δabǫ¯cγ ·Rc(lin) . (7.8)
The following three Lagrangians are invariant under these transformations
LN =21 =
1
2
hµνG(lin)µν + ψ¯
a ·Ra(lin) + SabSab −
1
2
AµAµ ,
LN =22 =
1
2
hµνC(lin)µν +
1
2
ψ¯a · C a(lin) −
1
4
εµνρAµFνρ ,
LN =23 = −
1
2
εµτρhµ
ν∂τC
(lin)
ρν −
1
2
ψ¯aµ (γ
τ∂τ )C
µa
(lin) −
1
4
F µνFµν . (7.9)
Putting these results together we get the following Lagrangian for the N = 2 super-
symmetric extension of linearized GMG:
LN =2GMG = L
N =2
(grav) + L
N =2
(ferm) + L
N =2
(vec) + L
N =2
(aux) , (7.10)
where
LN =2(grav) =
1
2
hµνG(lin)µν +
1
2µ
hµνC(lin)µν −
1
2m2
εµτρhµ
ν∂τC
(lin)
ρν ,
LN =2(ferm) = ψ¯
a ·Ra(lin) +
1
2µ
ψ¯a · C a(lin) −
1
2m2
ψ¯aµ (γ
τ∂τ )C
µa
(lin) ,
LN =2(vec) = −
1
2
AµAµ − 1
4µ
εµνρAµFνρ − 1
4m2
F µνFµν ,
LN =2(aux) = S
abSab . (7.11)
These formulae show that N = 2 supersymmetry concisely combines the different mech-
anisms in 3D of assigning mass to modes of spin 1, 3
2
and 2.
8 Conclusions and Outlook
Motivated by recent work on massive gravity theories in three dimensions, we have con-
structed the full off-shell supersymmetric N = 1 3D supergravity theory with cosmolog-
ical and Lorentz-Chern-Simons terms, and general curvature squared terms. The general
model of this type is parametrized by four mass parameters (M,µ,m, m˜) and a dimen-
sionless coefficient σ of the Einstein-Hilbert term that is unity for standard 3D General
Relativity. We have found that the maximally symmetric vacua, with cosmological con-
stant Λ, are characterized by two curves in the (Λ,M2) plane, and all vacua on one of
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them are supersymmetric. This family of supersymmetric vacua includes the Minkowski
vacuum as a limiting case. Apart from this Minkowski vacuum, the overall picture is
remarkably different from that found in [10] for the non-supersymmetric “new massive
gravity” (NMG) model. This is due to the new ‘auxiliary’ field in the supergravity the-
ory; although it really is auxiliary in the NMG case, its equation of motion is cubic with
coefficients that depend on the scalar curvature R. Because of this, it is unclear whether
any of the conclusions of [10] concerning unitarity in adS vacua, and the central charges of
the boundary CFTs, will still apply in the supergravity case. Thus, one obvious direction
for further research is a unitarity/stability analysis for adS vacua.
In the context of a possible adS/CFT relation, a crucial role is played by the central
charges of the asymptotic Virasoro algebra. While in this paper we did not attempt
to compute these charges from first principles (as could be done, e.g., by following the
original Brown-Henneaux argument [25]) a natural conjecture emerges from an applica-
tion of a formula of [26], and of [27], who have demonstrated its applicability for generic
(parity-preserving) higher-curvature Lagrangians L3 with adS3 vacuum. This formula is
c =
ℓ
2G3
gµν
∂L3
∂Rµν
, (8.1)
where G3 is Newton’s constant determined by κ
2 = 16πG3. It is not clear to us whether
this formula is still applicable in our case, in which there are also terms that couple
curvature-squared terms to the extra scalar S. Nevertheless, if we assume that it is
applicable, at least for the supersymmetric adS vacua with S2 = −Λ, then we deduce
that
cL =
3ℓ
2G3
(
σ +
1
µℓ
)
, cR =
3ℓ
2G3
(
σ − 1
µℓ
)
, (8.2)
where we have also included the known contribution of the parity-violating Lorentz-
Chern-Simons term [28]. We note, in particular, that the values of the central charges
coincide with those of pure TMG; in other words, the extra contributions due to the
curvature squared terms (as given in [10]) are precisely canceled by the new contributions
from the curvature couplings to S. The conjecture that (8.2) indeed represents the
correct central charges is confirmed by the observation that at the chiral point µℓ = −σ,
at which cL = 0, the pp-wave solution (4.26) is pure gauge (since its exponent (4.27)
becomes n = 2), being replaced by a ‘logarithmic mode’ as happens in chiral gravity
(see, e.g., [9]). We leave a systematic analysis of the adS/CFT relation for the case of
the massive supergravity models given here, e.g. along the lines of a similar analysis for
TMG [29], to future work.
Apart from identifying the maximally supersymmetric adS vacua, we have found the
general 3D supergravity field configuration that preserves only 1/2 of the supersymme-
try. As a Majorana 3D spinor has just two real components, the only possible fraction
less than 1 is 1/2. For constant S these configurations are of pp-wave type. Specific
configurations of pp-wave type have previously been shown to solve the equations of
motion of both super-TMG and the bosonic NMG. We have found the supersymmetric
pp-wave solutions of the generic 3D supergravity within the class of theories considered
here, which differ from those of the purely gravitational theory as a consequence of the
non-linear interactions of the supergravity scalar ‘auxiliary’ field S.
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A crucial issue is unitarity, and here we have presented a complete analysis for the lin-
ear supergravity theories obtained by linearization about the supersymmetric Minkowski
vacuum. We have confirmed the unitarity of bosonic models previously known to be uni-
tary, such as NMG or its parity-violating extension to GMG, and we have extended these
results to the fermionic sector. In addition, we have found a new unitary linearized su-
pergravity model that combines the LCS term of TMG with the curvature squared term
of NMG. This model propagates a single (+2,+3/2) helicity multiplet, just like super-
TMG. For this reason, we have called it “new topologically massive gravity” (NTMG).
However, it is currently unclear whether this linearized theory is still consistent when
interactions are included because the interactions break an accidental gauge invariance
of the linearized theory.
We have also constructed the linearized N = 2 massive supergravity, which propa-
gates both a multiplet of helicities (2, 3
2
, 1) and a multiplet of helicities (−2,−3
2
,−1), in
general with different masses m±. This model unifies the GMG model of [2] with the
general spin 1 theory; i.e. the 3D Proca theory with a CS term. In particular the spin 1
sector of the N = 2 super TMG is the self-dual spin 1 model of [24] whereas the spin
1 sector of the N = 2 super NTMG is the topologically massive spin 1 theory of [5].
For parity preserving models the representation theory of the super-Poincare´ group is
essentially the same for massive 3D particles as it is for massless 4D particles, so we
expect that there is an N = 8 massive supergravity theory and that N = 8 is maximal.
For parity violating models the maximal value of N must be less than this.
An obvious next step is the construction of the full N = 2 massive supergravity
model. Given that the options for maximally-symmetric vacua for N = 1 are so different
from those for N = 0, one might think that they would again be different for N = 2.
However, a cosmological term in an N = 2 theory could involve at most one scalar,
and would therefore break the SO(2) symmetry. It therefore seems likely that vacua for
N = 2, and by extension for N > 2, are determined by the truncation to N = 1. Thus,
we expect the results obtained here to survive the extension to higher N .
One important motivation for our work that we have not yet mentioned is the possi-
bilty that some massive supergravity might be ultra-violet finite. The situation for NMG,
to take the simplest case, is unclear to us. On the one hand it has been argued in [30]
that NMG is super-renormalizable (as one might expect from the known renormalizabil-
ity of the 4D ‘R+K’ theory [31]). On the other hand, it was argued in [5] that NMG is
not even renormalizable, but even if this is true it is still likely that super-NMG will be
better behaved than NMG,
Finally we would like to mention that in the context of massive 3D Poincare´ super-
symmetry an unconventional multiplet shortening may arise due to the possibility of
non-central charges in the superalgebra [32]. It would be interesting to see whether such
a mechanism can be realized for massive supergravity models of the type considered in
this paper.
Note added: Shortly after the first version of this paper appeared on the archives, a
paper of Dalmazi and Mendonca appeared [33], in which the model that we have here
called ‘new topologically massive gravity’ was discussed. (See also [34].)
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